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Abstract The material model for a multi-walled carbon

nanotube (MWCNT) reinforced poly-vinyl-ester-epoxy

matrix composite material (carbon nanotube reinforced

composite mats, in the following) developed in our recent

work (M. Grujicic et al. submitted), has been used in the

present work within a transient non-linear dynamics anal-

ysis to carry out design optimization of a hybrid polymer-

matrix composite armor for the ballistic performance with

respect to the impact by a fragment simulating projectile

(FSP). The armor is constructed from E-glass continuous-

fiber poly-vinyl-ester-epoxy matrix composite laminas

interlaced with the carbon nanotube reinforced composite

mats. Different designs of the hybrid armor are obtained by

varying the location and the thickness of the carbon

nanotube reinforced composite mats. The results obtained

indicate that at a fixed thickness of the armor, both the

position and the thickness of the carbon nanotube rein-

forced composite mats affect the ballistic performance of

the armor. Specifically, it is found that the best perfor-

mance of the armor is obtained when thicker carbon

nanotube reinforced composite mats are placed near the

front armor face, the face which is struck by the projectile.

The results obtained are rationalized using an analysis of

the elastic wave reflection and transmission behavior at the

lamina/met and laminate/air interfaces.

Introduction

Owing their high strength- and stiffness-to-weight ratios,

polymer-matrix composites are increasingly being used as

structural materials in the construction of rapidly deploy-

able armored vehicles whose primary role is the support of

ground troops. In addition, polymer-matrix composites are

being used as (lightweight) armor in the same vehicles.

This is particularly evidenced in the case of the M1114

high mobility multi-purpose wheeled vehicles (HMMWVs

or more commonly referred to as the Humvees) in which

the ballistic protection is attained through the use of a

phenolic-matrix composite armor system generally known

as the HJ1. This patented, licensed composite material

system is compliant with the MIL-L-64154 U.S. Military

Department of Defense Specifications [1] and is comprised

of high-strength S-2 glass-fiber reinforcements laminated

into phenolic-matrix hard-armor panels.

Recent experiences of the US military forces in Iraq

clearly established the tradeoffs between various armor

protection concepts for battle military vehicles. In general,

the battlefield demands light, maneuverable and fast vehicles

which, at the same time, can provide an adequate level of

protection for the vehicle occupants. Traditional steel armor

while being able to provide the required protection for the on-

board personnel and do it at a relatively low cost, contributes

a prohibitively large additional weight to the battle vehicles,

often increasing the loads beyond the levels anticipated

during the vehicle design [2]. Consequently, the vehicles

tend to break down at an unacceptably high rate due to failure
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in the engine, transmission, suspension and/or braking sys-

tems. In addition, the fuel efficiency of the vehicles is seri-

ously compromised, as is their ability to carry additional

personnel in the case of emergency. Furthermore, reduced

mobility of the steel-armor protected battle vehicles makes

them an easier target to enemy fire. Due to the aforemen-

tioned shortcomings of the steel armor, the military vehicles

are increasingly being protected using advanced fiber-rein-

forced polymer-matrix composite armor systems. While the

use of the fiber-reinforced polymer-matrix composite armor

is beneficial with regard to attaining a lower vehicle weight,

higher vehicle maneuverability, higher fuel efficiency, lower

load levels imposed on the vehicle power train, suspension

and breaking systems, the associated level of protection of

the on-board personnel and the cost of the armor remain

outstanding issues.

With respect to their overall performance under ballistic

impact conditions, advanced fiber-reinforced polymer-ma-

trix composites are generally classified into two main cate-

gories [3]: (a) High-strength/high-stiffness composites

(typically based on carbon-fiber reinforcements), which are

highly effective in deforming and/or fracturing the incoming

projectile while having a very limited ability for absorbing

the projectile’s kinetic energy; and (b) High-ductility/high-

toughness advanced composites (typically based on glass or

aramid reinforcements) whose properties are optimized with

respect to absorbing the maximum fraction of the kinetic

energy carried by the projectile. It has been recently sug-

gested that polymer-matrix composites reinforced with car-

bon nanotubes may combine the benefits offered by the two

aforementioned classes of advanced fiber-reinforced poly-

mer-matrix composite armors (M. Grujicic et al. submitted).

That is, due to a high hardness of the nanotubes, carbon-

nanotube reinforced polymer-matrix composite armor may

be very effective in eroding/fracturing the projectile while a

high strength combined with a high ductility of these com-

posite materials makes them very efficient in absorbing the

projectile’s kinetic energy.

Due to their exceptional mechanical properties, a high

aspect ratio and a low density, single-walled carbon na-

notubes (SWCNTs) and multi-walled carbon nanotubes

(MWCNTs) have been perceived as ideal mechanical rein-

forcement candidates for the next generation of polymer-

based composites [4]. An elastic modulus as high as 1 TPa

and a tensile strength close to 60 GPa have been reported in

SWCNTs. These values are five and at least thirty times

greater than their respective counterparts in steels, and at

only one sixth of the weight [5–8]. Thus, the SWCNTs ap-

pear to be ideal mechanical reinforcements for lightweight

composite systems. However, the material and the process-

ing cost for the SWCNTs, even when they are produced using

large-scale high-yield technologies, are very high primarily

due to the costly separation and non destructive purification

processing. Consequently, while the mechanical properties

of MWCNTs are generally less attractive (the elastic mod-

ulus typically around 350 GPa and a tensile strength around

8 GPa, [5]) relative to those found in the SWCNTs, the

lower-cost MWCNTs are currently being considered as a

more realistic mechanical reinforcement candidate for the

commercially viable polymer-matrix composites.

A number of experimental investigations reported in the

literature established that the mechanical properties of both

SWCNT- and MWCNT-reinforced polymer-matrix com-

posites are significantly below their theoretically predicted

potential [e.g. 9] and that they are controlled by the extent

of dispersion of the nanotubes in the polymer matrix and by

the nanotube/polymer interface bond strength [9–12]. The

nanotube reinforcements are often found aggregated into

bundles (ropes), weakly interacting via the van der Waals

attractive forces [13, 14]. Such bundles can contain up to

several hundred nanotubes arranged in a hexagonal lattice

[13–15]. The nanotubes within a bundle can easily slide

relative to each other giving rise to a low value of the shear

modulus of the carbon nanotube bundles [15]. As an

example, the elastic modulus of the microscopic polymer-

free SWCNT-based fibers and strands are found to be only

80 GPa [16] and 77 GPa [17], respectively. In addition to

reducing the shear modulus, the nanotube aggregation

gives rise to the undesirable reduction in the reinforcement

aspect ratio. As reviewed in our recent work (M. Grujicic

et al. submitted), obtaining a homogeneous dispersion of

the nanotubes in the polymer matrix is not easily accom-

plished primary because of very low solubility of the

nanotube bundles in most solvents and a number of ap-

proaches are being pursued in order to overcome this

problem. As far as the nanotube/polymer interfacial-

bonding strength is concerned, its magnitude is believed to

be limited by the atomically smooth, non-reactive nature of

the nanotubes outer wall [4]. This, in turn, limits the load

transfer from the polymer matrix to nanotubes, which

controls the extent of stiffening/strengthening induced by

the nanotube reinforcements. As discussed in our recent

work (M. Grujicic et al. submitted), several strategies for

synthesis of the nanotube-reinforced polymer-matrix

composites with improved reinforcement/matrix bonding

have been developed. Several of the aforementioned efforts

and approaches have resulted in significant improvements

of the homogeneity of nanotubes distribution within the

polymer matrix and of the nanotube/polymer interfacial

bond strength.

In our ongoing/future work (M. Grujicic et al. unpub-

lished work) (the present paper is a part of the ongoing/

future work), a new class of MWCNT-reinforced poly-vi-

nyl-ester-epoxy based armor for mitigation of the effects of

Improvised Explosive Devices (IEDs) is being developed.

For such armor, a good load transfer between the polymer
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matrix and the nanotube reinforcements is important for its

structural (static load-bearing) performance and a tendency

for interfacial failure and the associated reinforcement

pull-out are crucial for its energy-absorbing ballistic per-

formance. Toward that end, the reinforcement/polymer

interfaces are carefully engineered by combining the

polymer wrapping technique [e.g. 18] with a covalent-type

functionalization of the MWCNT sidewall [e.g. 19].

The objective of the present work is to carry out the

design optimization analysis of a hybrid armor constructed

from E-glass continuous-fiber poly-vinyl-ester-epoxy ma-

trix composite laminas interlaced with the carbon nanotube

reinforced composite mats. The mats have been produced

in our ongoing/future work (M. Grujicic et al. unpublished

work) through a combination of nanotube-reinforced fiber

spinning and fiber lay-out techniques while the hybrid-ar-

mor laminates will be produced using the standard vacuum

assisted resin transfer molding (VARTM) process. The

objective of the design optimization is an improvement in

the ballistic performance of the armor with respect to the

IEDs. The analysis involves transient non-linear dynamics

calculations of the fragment/armor impact and the use of

the material model for a MWCNT-reinforced poly-vinyl-

ester-epoxy matrix composite developed in our recent work

(M. Grujicic et al. submitted) along with the available

materials models for the E-glass continuous-fiber poly-vi-

nyl-ester-epoxy matrix composite laminas and the AISI

4340 Steel fragment. Different designs of the hybrid armor

are obtained by varying the location and the thickness of

the carbon nanotube reinforced composite mats. The results

of the present work will be used to guide the design of the

hybrid armor, which will be fabricated and tested for bal-

listic performance in our ongoing/future work (M. Grujicic

et al. unpublished work).

The organization of the paper is as follows. A brief

overview of the non-linear dynamics computational proce-

dure utilized in the present work is given in Sect. 2.1. Con-

stitutive models used to represent the behavior of the

projectile and the armor materials under ballistic impact

conditions are discussed in Section 2.2. Details of the

numerical model used to analyze the impact and penetration

of the armor by a fragment simulating projectile are pre-

sented in Sect. 2.3. The results obtained in the present work

are presented and discussed in Sect. 3. The main conclusions

resulting from the present work are summarized in Sect. 4.

Computational procedure

Non-linear dynamics modeling of high-rate phenomena

All the calculations carried out in the present work are done

using AUTODYN, a general purpose non-linear transient

dynamics modeling and simulation software [20]. Within

AUTODYN, the appropriate mass, momentum and energy

conservation equations coupled with the materials model-

ing equations and subjected to the appropriate initial and

boundary conditions are solved. The numerical methods

used for the solution of these equations involve finite dif-

ference, finite volume and finite element methods and the

choice of the method (i.e. of the ‘‘processor’’ as referred to

in AUTODYN) used depends on the physical nature of the

problem being studied. For multi-domain problems, dif-

ferent domains can be analyzed using different processors

such as the Lagrange processor or the smooth particle

hydrodynamics (SPH) processor (typically used for bulk

solid-continuum structures), the Euler processor (com-

monly used for modeling gases, liquids or solids subject to

large deformations) and the Shell processor (designated for

modeling thin-walled solid structures).

In the present work, the ballistic performance of a hy-

brid polymer-matrix composite armor under fragment

simulating projectile (FSP) threats is analyzed using the

Lagrange processor. The interactions between different

sub-domains are accounted for through the use of the sub-

domain interaction options within AUTODYN [20]. A

detailed overview of the sub-domain interaction options

can be found in our recent work [21]. Also, the effect of the

processor choice (Lagrange vs. SPH) on the computational

results can be found in Ref. 21.

Material constitutive models

As discussed in the previous section, for the boundary

value problems analyzed by AUTODYN to be fully spec-

ified, material-specific constitutive relations between the

flow variables (pressure, mass density, internal energy

density, temperature, etc.) have to be defined. These

additional relations typically involve an equation of state, a

strength equation and a failure equation for each constitu-

ent material. These equations arise from the fact that, in

general, the total stress tensor can be decomposed into a

sum of a hydrostatic stress (pressure) tensor (which causes

a change in the volume/density of the material) and a de-

viatoric stress tensor (which is responsible for the shape

change of the material). An equation of state then is used to

define the corresponding functional relationship between

pressure, mass-density (specific volume) and internal en-

ergy density (temperature), while a strength relation is used

to define the appropriate equivalent plastic-strain, equiva-

lent plastic-strain rate, and temperature dependencies of the

yield surface (a scalar function of the deviatoric stress or

total stress components). In addition, a material model

generally includes a failure criterion, i.e. an equation

describing the (hydrostatic or deviatoric) stress and/or

strain condition which, when attained, causes the material
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to fracture and lose (abruptly, in the case of brittle mate-

rials or gradually, in the case of ductile materials) its ability

to support normal and shear stresses.

In the following, a brief description is given of the

models for the materials utilized in the present work, i.e.

for AISI 4340 Steel (FSP), E-Glass continuous-fiber-rein-

forced-poly-vinyl-ester-epoxy (major portion of the hybrid

composite armor) and MWCNT-reinforced poly-vinyl-es-

ter-epoxy composite mats (strategically placed within the

hybrid composite armor). The values of the material

parameters for AISI 4340 Steel, defined in the remainder of

the section, are available in the AUTODYN materials li-

brary [20]. The data cannot be disclosed here due to

copyright violation concerns. The corresponding material

parameters for E-Glass continuous-fiber-reinforced-poly-

vinyl-ester-epoxy and MWCNT-reinforced poly-vinyl-es-

ter-epoxy composite mats can be found in our previous

work (M. Grujicic et al. submitted).

AISI 4340 Steel

Equation of state: For AISI 4340 Steel, a linear type of

equation of state is used which assumes a Hooke’s law type

relationship between the pressure, P, and the relative

density change l ¼ ððq=q0Þ � 1Þ as:

P ¼ Kl ð1Þ

where q is density, K is the bulk modulus of the material

and the subscript 0 is used to denote the initial material

state.

Strength model: To represent the constitutive response

of AISI 4340 Steel under deviatoric stress, the Johnson–

Cook model [22] is used. This model is capable of repre-

senting the material behavior displayed under large-strain,

high deformation rate, high-temperature conditions, of the

type encountered in problems dealing with hypervelocity

impact and penetration conditions. Within the Johnson–

Cook model, the yield stress is defined as:

Y ¼ A1 þ B1e
n
pl

h i
1þ C1 log _epl

� �
1� Tm

H0

� �
ð2Þ

where epl is the equivalent plastic strain, _epl the equivalent

plastic strain rate, A1 the zero plastic strain, unit plastic

strain rate, room temperature yield stress, B1 the strain

hardening constant, n the strain hardening exponent, C1 the

strain rate constant, m the thermal softening exponent and

TH0 ¼ ðT � TroomÞ=ðTmelt � TroomÞ a room temperature

(Troom) based homologous temperature while Tmelt is the

melting temperature. All temperatures are given in Kelvin.

Failure model: For AISI 4340 Steel, which fails pre-

dominantly in a ductile mode, the failure condition is de-

fined using the Johnson–Cook failure model [22]. The

progress of failure according to the Johnson–Cook failure

model is defined by the following cumulative damage law:

D ¼
XDe

ef

ð3Þ

where De is the increment in effective plastic strain with an

increment in loading and ef, is the failure strain at the

current state of loading which is a function of the mean

stress, the effective stress, the strain rate and the homolo-

gous temperature, given by

ef ¼ D1 þ D2 expðD5r
�Þ½ � 1þ D4 ln _epl

� �
1þ D5Tm

H0

� �

ð4Þ

where r* is mean stress normalized by the effective stress.

The parameters D1, D2, D3, D4 and D5 are all material

specific constants. Failure is assumed to occur when D = 1.

Erosion model: When the Lagrange solver is used for

computations, numerical difficulties arising from excessive

distortion of the cells are often overcome by using an

erosion algorithm, which at a predefined level of equivalent

geometrical or plastic strain removes excessively distorted

cells while transferring the momentum associated with the

removed nodes to the remaining nodes. An erosion crite-

rion corresponding to a value of 2.00 for the instantaneous

geometrical strain is used in the present work for the AISI

4340 Steel FSP.

Fiber-reinforced polymer-matrix composite laminates

The mechanical behavior of composite laminates is gen-

erally more complex than that found in metals or ceramics.

As discussed in our previous work [3], this increased

complexity of the composite laminates can be attributed to

a number of phenomena, such as: (a) anisotropy of the

material stiffness properties; (b) anisotropy in the failure

strength and in the post-failure behavior; (c) coupling be-

tween the hydrostatic and deviatoric (stress and strain)

quantities; (d) non-linearity in pressure versus density

relation; and (e) onset of compaction when the material

contains porosity.

In the present work, the mechanical response of both the

E-glass reinforced poly-vinyl-ester-epoxy matrix compos-

ite laminates and the MWCNT-reinforced poly-vinyl-ester-

epoxy mats under large deformation and high deformation-

rate conditions (which are encountered during ballistic

testing) are represented using the ballistic orthotropic

material model developed by Clegg et al. [23]. This model

is based on the original ideas proposed by Anderson et al.

[24] for coupling material’s anisotropy with the non-linear

material response. Since this model was reviewed in detail
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in our recent work (M. Grujicic et al. submitted), it will be

only summarized here. As stated earlier, all the material

parameters for the E-glass reinforced poly-vinyl-ester-

epoxy matrix composite laminates and the MWCNT-rein-

forced poly-vinyl-ester-epoxy mats can be found in our

previous work (M. Grujicic et al. submitted).

A composite armor panel is typically constructed by

laminating few dozens of individual plies (laminas) so that

the overall in-plane properties of the laminate are isotropic.

Therefore, composite laminates are classified as ‘‘trans-

versely isotropic’’ materials. Furthermore, as established

in our previous work (M. Grujicic et al. submitted), the

MWCNT-reinforced poly-vinyl-ester-epoxy mats contain a

random in-plane distribution of MWCNTs and, hence, can

also be considered as a transversely isotropic material.

Equation of state: Using the following definition for the

pressure, P ¼ � 1
3

r11 þ r22 þ r33ð Þ, the following defini-

tion for the volumetric strain, evol ¼ e11 þ e22 þ e33 and the

linear elastic stress–strain relation for a transversely iso-

tropic material, the equation of state can be written as:

P ¼ � 1

9
�c11 þ �c11 þ �c33 þ 2 �c11 þ �c13 þ �c13ð Þ½ �evol

� 1

3
�c11 þ �c11 þ �c13ð Þed

11 �
1

3
�c11 þ �c11 þ �c13ð Þed

11

� 1

3
�c13 þ �c13 þ �c33ð Þed

33 � �c16 þ �c26 þ �c36ð Þe11

ð5Þ

where rij’s are the stress components, cij’s are the elastic-

stiffness coefficients and eij
d are the components of the

deviatoric strain. It should be noted that ‘‘principal’’

direction 3 is taken to coincide with the armor through-the-

thickness direction while principal directions 1 and 2 are

the in-plane directions.

The first term on the right hand side of Eq. 5 represents

the standard linear relationship between the pressure and

volumetric strain while the remaining terms on the right

hand side of the same equation account for the coupling

between the pressure and the deviatoric strain. The later

terms of Eq. 5 are absent in the case of isotropic materials.

The constant part of the first term on the right hand side of

Eq. 5 represents the effective bulk modulus of the material,

K. Under high strain-rate ballistic loading conditions, the

relationship between the pressure and the volumetric strain

is typically non-linear and, consequently, the first term on

the right hand side of Eq. 5 is replaced by a non-linear

relationship between the pressure and volumetric strain. In

the present work, the Mie-Gruneisen [25] equation of state

is used to represent the first term on the right hand side of

Eq. 5.

The Mie-Gruneisen equation of state defines the effect

of current material mass density, q, and internal energy

density, e, on pressure, P, as:

P ¼ PH þ Cq e� eH½ � ð6Þ

where the reference material states denoted by a subscript

H correspond to the Hugoniot shock states of the material.

These reference states are obtained by solving a system of

simultaneous algebraic equations defining, for a stationary

shock, the mass conservation, the momentum conservation

and the energy conservation and a linear relationship be-

tween the shock speed, us and the particle velocity up. The

parameter G appearing in Eq. 6 (the Gruneisen Gamma) is

a known thermodynamic material property and is defined

as CðmÞ � 1
q

@P
@e

� �
q
.

Strength model: The strength model for transversely

isotropic materials is typically represented using the fol-

lowing type of total-stress based six-parameter quadratic

yield function:

f ðrijÞ ¼ a11r
2
11 þ a11r

2
22 þ a33r

2
33 þ 2a11r11r22

þ 2a13r11r33 þ 2a13r11r33

þ 2a44r
2
23 þ 2a55r

2
31 þ 2a66r

2
12 ¼ r

ð7Þ

where aij and r are material parameters. The parameter r

represents the current material’s resistance towards plastic

deformation and in the case of strain-hardening materials

like composite laminates increases with an increase in the

equivalent plastic strain.

Equation 7 is used in the following fashion:

When the middle term in Eq. 7 is less than r, no plastic

deformation takes place. Otherwise, plasticity takes place.

For strain-hardening materials, the value of the r parameter

is increased and the stress components decreased until the

equality defined by Eq. 7 is satisfied. Plastic deformation in

composite laminates is assumed to take place in accordance

with the ‘‘associated’’ flow rule, i.e. the magnitude of the

components of the plastic strain increment scale linearly

with the associated components of the stress gradient of the

yield function as:

dep
ij ¼ dk

@f

@rij
ð8Þ

where dk is the plastic strain-rate multiplier.

Failure model: The failure model for transversely iso-

tropic composite laminates used in the present work com-

bines a failure initiation model with a material mechanical

degradation model. Final failure is taken to occur when the

material loses its ability to support any shear and/or tensile

loads. The failure initiation model defines a stress or strain

based criterion which when met leads to the onset of

mechanical degradation of the material. Once failure is

initiated, the strength and stiffness properties of the mate-

rial are continuously updated in accordance with the extent
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of current level of material degradation. The material

mechanical degradation model is based on the concept of

‘‘cracked strain’’, ecr, which as it increases from the mo-

ment of failure initiation, gives rise to a progressive in-

crease in the extent of material damage. The maximum

value of each component of cracked strain is obtained

using the computed or measured values of the associated

failure stress and fracture energy. The fracture energies are

determined experimentally using the double cantilever

beam test [26].

Once the material has failed in a particular direction the

stress in that direction is set to zero while the stresses in the

other directions are modified in accordance with the loss of

Poisson’s effect. When the failure occurs due to excessive

tensile strains in the laminate through-the-thickness direc-

tion or due to excessive inter-lamellar shear strains, it is

referred to as ‘‘delamination’’. On the other hand, laminate

in-plane tensile stresses lead to ‘‘reinforcement’’ failure.

When the material fails in more than one direction (the

bulk failure) its properties are set to those of an equivalent

isotropic material, and all tensile stresses are set to zero,

while the shear stresses are set to a predefined residual

shear stress level.

In addition to the stress/strain based failure criterion

described above, matrix melting and/or fiber degradation

due to excessive heating can also lead to material failure.

Matrix melting and the subsequent delamination failure

occur when the temperature exceeds the melting point of

the polymer matrix. Fiber degradation occurs when the

matrix temperature exceeds a predefined fiber degradation

temperature and leads to a bulk mode of failure, which

leaves the material only with an ability to support com-

pressive type of stresses.

Erosion model: The same erosion model was used as in

the case of AISI 4340 Steel.

Problem definition and computational analysis

In the present work, a transient non-linear dynamics anal-

ysis of the impact and penetration of a hybrid polymer-

matrix composite armor (constructed from E-glass contin-

uous-fiber poly-vinyl-ester-epoxy matrix composite lami-

nas interlaced with MWCNT reinforced poly-vinyl-ester-

epoxy composite mats) by a FSP is carried out in order to

determine the ballistic performance and the protection

potential of the armor. The work was limited to the case of

a normal impact of the armor by the FSP and, due to the

axisymmetric nature of the problem, all the calculations are

carried out using a two-dimensional (axisymmetric) model.

A simple schematic of the projectile/armor impact/pene-

tration problem analyzed here is given in Fig. 1. The pro-

jectile is cylindrical in shape with a diameter of 6.35 mm

and a height of 6.35 mm. A constant initial normal velocity

of 609.6 m/s (2000 ft/s) is assigned to the projectile made

of AISI 4340 Steel and thus the initial kinetic energy of the

projectile is approximately 0.56 kJ. A fixed thickness of

12.7 mm and a fixed lateral dimension of 100 mm for the

armor are used for all the cases analyzed. Eight different

configurations of the armor are analyzed (Fig. 2). Various

configurations of the armor differ with respect to the

number and the location of the 50 micron thick carbon

nanotube reinforced composite mats. For brevity, an

abridged designation is assigned to each armor. The letters

T (Top), M (Middle) and B (Bottom) are used respectively

to denote the position of the carbon nanotube reinforced

Projectile

Armor

Fig. 1 A schematic of the projectile/armor impact analyzed in the

present work

1T_1M 1T_1B 1M_1B

2T 2M 2B

All E-Glass 
Epoxy 

 R 1T_1M_1B E-Glass
Reinforced
Poly Vinyl 

Ester Epoxy 

MWCNT
Reinforced
Poly Vinyl 

Ester Epoxy 
Mat

Fig. 2 Various hybrid-armor design configurations analyzed in the

present work
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composite mats within the hybrid armor. The ‘‘Top’’ po-

sition refers to the one closest to the surface of the armor

struck by the FSP. Numbers 1 and 2 are used to denote the

number of 50 micron-thick carbon nanotube reinforced

composite mats at a given position in the armor. The all E-

glass continuous-fiber reinforced poly-vinyl-ester-epoxy

matrix armor is denoted with the letter R (reference).

The interaction between the projectile and the armor is

accounted for using the part-coupling option available in

AUTODYN [3]. Except for the projectile/armor contact

surfaces, zero-stress boundary conditions are prescribed on

all faces of the projectile and the armor. The Lagrange

processor is used to represent both the FSP and the armor.

The projectile was analyzed using a mesh consisting of 800

rectangular cells, while the armor is analyzed using a mesh

consisting of 6,000 rectangular cells. To improve the

accuracy of the analysis, smaller cells are used in the re-

gions of the projectile and the armor involved in the pro-

jectile/armor interactions as well as in the regions inside

and in the vicinity of the MWCNT-reinforced poly-vinyl-

ester-epoxy matrix composite mats. A standard mesh sen-

sitivity analysis is carried out in order to ensure that the

results obtained are effectively insensitive to the size of the

cells used.

Results and discussion

Validation of the material model for E-glass reinforced

poly-vinyl-ester- epoxy matrix composite

Since the E-glass continuous-fiber reinforced poly-vinyl-

ester-epoxy matrix composite laminas constitute the major

portion of the hybrid armor analyzed in the present work, it

is critical to validate its material model before assessing the

potential benefits obtained through their interlacing with

MWCNT reinforced poly-vinyl-ester-epoxy mats. This

validation is carried out in the present section.

In our ongoing/future work (M. Grujicic et al. unpub-

lished work), it was determined experimentally that the

V50 velocity (the velocity at which the projectile has 50%

probability of penetrating the armor) for a 25.4 mm-thick

E-glass continuous-fiber reinforced poly-vinyl-ester-epoxy

matrix armor impacted by a 0.50 caliber (12.7 mm diam-

eter and 12.7 mm high) AISI 4340 Steel FSP is around

605 m/s. The results of a transient non-linear dynamics

analysis carried out in the present work and displayed in

Fig. 3 show that 605 m/s is a good estimate for the V50.

That is, at a velocity of 600 m/s the 0.50 caliber FSP does

not penetrate the 25.4 mm-thick E-glass continuous-fiber

reinforced poly-vinyl-ester-epoxy matrix armor, while at a

velocity of 610 m/s the armor is penetrated and the FSP’s

residual velocity is around 120 m/s.

In passing, it should be noted that the velocity versus

time curves shown in Fig. 3 are not very monotonic but

show periodic more pronounced drops in the projectile

velocity, as labeled with A and B, in this figure. These

events correspond to the arrival of compression waves

(generated at the FSP/armor interface) to the back face of

the projectile. Such waves are reflected as rarefaction

waves at the back face of the FSP and continue to travel

towards the FSP/armor interface where they are attenuated

and reflected, as compression waves, back into the pro-

jectile. This process continues until the waves die out.

Figure 4a shows the 0.50 caliber FSP initially propelled

at a velocity of 605 m/s which was defeated after a partial

penetration obtained experimentally in our ongoing/future

work (M. Grujicic et al. unpublished work). The corre-

sponding FSP/armor configuration obtained computation-

ally in the present work is displayed in Fig. 4b. A

comparison of Fig. 4a and b suggests a close agreement

between the observed and calculated depths of penetration,

the observed and calculated extents of armor delamination

and between the observed and calculated FSP deformed

shapes.

Based on the discussion presented above in conjunction

with Figs. 3 and 4 it appears justified to conclude that the

present model for the E-glass continuous-fiber reinforced

poly-vinyl-ester-epoxy matrix armor can reasonably well

account for the ballistic performance of this material when

impacted with the FSP.

The effect of hybrid-armor interlacing with MWCNT-

reinforced poly-vinyl-ester epoxy mats

In our ongoing experimental work (M. Grujicic et al.

unpublished work), hybrid armor laminates based on the
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Fig. 3 Temporal evolution of a 0.50 caliber FSP velocity during the

impact with a 25.4 mm-thick all E-glass continuous-fiber reinforced

poly-vinyl-ester-epoxy matrix composite armor
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E-glass continuous-fiber reinforced poly-vinyl-ester-epoxy

laminas interlaced with the MWCNT-reinforced poly-vi-

nyl-ester epoxy mats are being fabricated and will be

ultimately tested for ballistic performance with respect to

the impact of an FSP. To reduce the material cost,

12.7 mm-thick armor laminates are being fabricated.

Consequently, a smaller 0.30 caliber (7.62 mm in diameter

and 7.62 mm in height) FSP is used. The results of the

transient non-linear dynamics computational analysis car-

ried out in the present work are displayed in Fig. 5a, b. It

should be recalled that the all E-glass continuous-fiber

reinforced poly-vinyl-ester-epoxy matrix armor is denoted

with the letter R. The results displayed in Fig. 5a corre-

spond to the armors in which 50 lm-thick MWCNT-rein-

forced poly-vinyl-ester epoxy mats were used while the

results displayed in Fig. 5b correspond to the armors in

which single 100 lm-thick MWCNT-reinforced poly-vi-

nyl-ester epoxy mats were used. The results displayed in

Fig. 5a, b can be summarized as follows:

(a) In the case of the armor based on 50 lm-thick

MWCNT-reinforced poly-vinyl-ester-epoxy matrix

mats, Fig. 5a, only the 1T_1M and 1T_1M_1B de-

signs show a superior ballistic performance (i.e. a

lower residual velocity of the projectile) relative to

the all E-glass continuous fiber-reinforced poly-vinyl-

ester-epoxy composite armor (R);

(b) The presence of MWCNT-reinforced poly-vinyl-es-

ter-epoxy matrix mats in the bottom location com-

promises the ballistic performance of the armor. That

is, the exit FSP velocity in the case of the 1T_1M_1B

armor is increased relative to the 1T_1M armor;

(c) No major changes on the extent of monotony of the

velocity versus time curves in the hybrid armor rela-

tive to the all E-glass continuous fiber-reinforced

poly-vinyl-ester-epoxy composite armor (R) can be

observed. These results are consistent with the fact

that the acoustic impedance of the E-glass continuous

fiber-reinforced poly-vinyl-ester-epoxy laminas and

the MWCNT-reinforced poly-vinyl-ester-epoxy ma-

trix mats differ only by 5–6% so that only a small

fraction of the energy carried by the compression

waves is reflected at the lamina/mat interfaces;

(d) No observable erosion/fracturing of the FSP is ob-

served (the results not shown for brevity), so that the

effect of interlacing the E-glass continuous fiber-

reinforced poly-vinyl-ester-epoxy with the MWCNT-

reinforced poly-vinyl-ester-epoxy matrix mats is

mainly the result of the increased ability of the armor

to attenuate the projectile’s kinetic energy;

Fig. 4 Experimental (a) and computational (b) material distribution/

damage results pertaining to the impact of a 0.50 caliber FSP with a

25.4 mm-thick all E-glass continuous-fiber reinforced poly-vinyl-

ester-epoxy matrix composite armor. Initial projectile velocity,

605 m/s
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(e) In the case of the hybrid armor interlaced with a

single 100 lm-thick MWCNT-reinforced poly-vinyl-

ester-epoxy matrix mat, all the armor designs out-

perform the all E-glass continuous fiber-reinforced

poly-vinyl-ester-epoxy composite armor;

(f) The placement of the MWCNT-reinforced poly-vinyl-

ester-epoxy matrix mats at the top position still yields

the best ballistic armor performance of the armor

while the bottom position appears to be least desir-

able; and (g) Points (c) and (d) concerning the results

displayed in Fig. 5a also apply in the case of the re-

sults displayed in Fig. 5b.

To help reveal the possible reasons behind the observed

effect of the location of the MWCNT-reinforced poly-vi-

nyl-ester-epoxy composite mats on the ballistic perfor-

mance of the armor, a material deformation/failure status

plot is given in Fig. 6 for the 2_T (the overall best) armor

design and the 2_B armor design (the worst among the

ones interlaced with a single 100 lm-thick MWCNT-

reinforced poly-vinyl-ester-epoxy matrix composite mat).

The results displayed in Fig. 6 show that while there is no

significant difference in the extent of armor delamination in

the two armors and that the 2_B armor tend to suffer from a

plug-type failure which is associated with a lower extent of

energy absorption.

Statistical sensitivity analysis

The results presented in the previous section established

that the optimum placement of the MWCNT-reinforced

poly-vinyl-ester-epoxy matrix mats is in the upper portion

of the armor. It should be noted that there was a consid-

erable variance associated with the material parameters of

MWCNT-reinforced poly-vinyl-ester-epoxy matrix mats as

determined in our previous work (M. Grujicic et al. sub-

mitted). It is, hence, critical to assess the sensitivity of the

results obtained in the previous sections with respect to the

established uncertainty in the material model parameters.

Toward that end, a sensitivity analysis for the optimal 2_T

design of the hybrid armor is carried out in the present

section.

Within the context of statistical analysis, the term fac-

tors, is used to denote the parameters whose uncertainty is

analyzed. To determine the sensitivity of the optimum

design with respect to variations in the factors (material

model parameters in the present case), the method com-

monly referred to as the statistical sensitivity analysis [27]

will be used in the present work.

The first step in the statistical sensitivity analysis is to

identify the factors and their ranges of variation. In the case

of the material model for the MWCNT- reinforced poly-

vinyl-ester-epoxy matrix mats, there is a large number of

potential factors (five elastic constants, six parabolic yield

function coefficients, four failure initiation stresses, four

fracture energies, etc., all for a transversely isotropic

material). A comprehensive statistical sensitivity analysis

which would include the effect of all these factors is be-

yond the scope of the present work. Instead each set of

material parameters is defined as a single factor. For

example, all the elastic stiffness coefficients are considered

as a single factor. Four factors (stiffness, strength, failure

initiation stresses and fracture toughness) are used in the

present work.

Typically, two to four values (generally referred to as

‘‘levels’’) should be selected for each factor. In the present

case, three values are associated with each factor. One level

of the factors (assigned a value of 1) corresponds to the

values of the material parameters used in Sect. 3.2. The

other two levels of the factors correspond to the values of

Fig. 6 A comparison of the material deformation/failure status plots

for the 2_T and 2_B hybrid armors at the same projectile post-impact

time of 0.04 ms. It should be noted that the axis in this figure is

rotated by 90� relative to those used in Figs. 1, 2 and 4
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the material parameters increased or decreased by one

standard deviation for all materials parameters associated

with a given factor. Therefore, the values of each parameter

associated with a given factor and corresponding to a given

level of that factor is obtained by multiplying the value of

the level with the magnitude of the parameters as used in

the previous section. A list of the four factors used in the

present work and their levels is given in Table 1. Level 2

corresponds to the values of the material model parameters

used in Sect. 3.2.

The next step in the statistical sensitivity analysis is to

identify the (experimental or computational) procedures

(the transient non-linear dynamics analysis in the present

work), which need to be performed in order to quantify

the effect of the selected factors. In general, a factorial

design approach can be used to determine the total

number of analyses that have to be carried out. Within

such an approach, all possible combinations of the factor

levels are used. However, the number of the analyses to

be carried out can quickly become unacceptably large as

the number of factors and levels increases. In the present

case, 81 (=34) analyses have to be performed according

to the full factorial approach. To overcome this problem,

i.e. to reduce the number of analyses, which needs to be

performed, the orthogonal matrix method [28] will be

used. The orthogonal matrix method contains a column

for each factor, while each row represents a particular

combination of the levels for each factor to be used in

the analyses. Thus, the number of analyses which needs

to be performed is equal to the number of rows of the

corresponding orthogonal matrix. The columns of the

matrix are mutually orthogonal, that is, for any pair of

columns, all combinations of the levels of the two

associated factors appear and each combination appears

an equal number of times. A limited number of standard

orthogonal matrices [29] is available to accommodate

specific numbers of the factors with various numbers of

levels per factor. In the present work, the L18 34

orthogonal matrix is used which defines 18 computa-

tional analyses which have to be performed. The factor

levels associated with each of these analyses is given in

Table 2.

A computational transient non-linear dynamics analysis

is next performed for each combination of the factor levels

as defined in the appropriate row of the orthogonal matrix.

The values of the objective function (the average residual

velocity of the projectile) resulting from each of the 18

analyses are next displayed in Table 2 along with the mean

value of the objective function. It should be noted that the

analysis 2 in Table 2, for which all four factors are set to

level 2, corresponds to the analysis that has been carried

out in Section 3.2.

The mean values of the objective function associated with

each of the three levels of each of the four factors are next

calculated. This is done by averaging the values of the

objective function associated with a specific level of a given

factor. The results of this calculation are given in Table 3.

The effect of a level of a factor is then defined as the deviation

it causes from the overall mean value and is thus obtained by

subtracting the overall mean value from the mean value

associated with the particular level of that factor. This pro-

cess of estimating the effect of factor levels is generally

referred to as the ‘‘Analysis of Means’’ (ANOM). The

ANOM allows determination of the main effect of each

factor. However, using this procedure it is not possible to

identify the possible interactions between the factors. In

other words, the ANOM is based on the principle of linear

superposition according to which the system response g (the

objective function in the present case) is given by

g ¼ overall meanþ R ðfactor effectÞ þ error ð9Þ

where error denotes the error associated with the linear

superposition approximation.

To obtain a more accurate indication of the relative

importance of the factors and their interactions, the

‘‘Analysis of Variance’’ (ANOVA) is used. The ANOVA

allows determination of the contribution of each factor to

the total variation from the overall mean value. This con-

tribution is computed in the following way: First, the sum

of squares of the differences between the mean value

associated with each level of a given factor and the overall

mean value of the objective function is calculated. The

percentage, by which this sum for a given factor contrib-

utes to the cumulative sum for all factors, is then used as

measure of the relative importance of that factor.

The ANOVA also allows estimation of the error asso-

ciated with the linear superposition assumption. The

method used for the error estimation generally depends on

the number of factors and factor levels as well as on the

type of the orthogonal matrix used in the statistical sensi-

tivity analysis. The method described below which is

generally referred to as the ‘‘sum of squares’’ method is

used in the present work. According to this method, the

sum of squares due to the error, SSerror, is calculated as:

Table 1 Statistical sensitivity analysis factors and levels used in the

present work

Factors Levels

1 2 3

Stiffness (A) 0.88 1.0 1.12

Strength (B) 0.91 1.0 1.09

Failure initiation stresses (C) 0.87 1.0 1.13

Fracture toughness (D) 0.93 1.0 1.07
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SSerror ¼ SSgrand � SSmean � SSfactors ð10Þ

where SSgrand is the sum of the squares of the objective

function values for all the analyses, SSmean value is equal to

the overall mean squared multiplied by the number of

analyses and SSfactors is equal to the sum of squares of the

differences between the mean value of the objective

function associated with each level of all the factors and

the overall mean value of the objective function. Each

quantity in Eq. 10 is associated with a specific number of

degrees of freedom. The number of degrees of freedom for

the grand total sum of squares, DOFgrand, is equal to the

number of analyses (i.e. the number of rows in the

orthogonal matrix). The number of degrees of freedom

associated with the mean value, DOFmean, is one. The

number of degrees of freedom for each factor, DOFfactor, is

one less (=2) than the number of levels for that factor (=3).

The number of degrees of freedom for the error can hence

be calculated as:

DOFerror = DOFgrand � 1� RðDOFfactorÞ ð11Þ

For Eq. 10 to be applicable, the number of degrees of

freedom for the error must be greater than zero. If the

number of degrees of freedom for the error is zero, a dif-

ferent method must be used to estimate the linear super-

position error. An approximate estimate of the sum of the

squares due to the error can be obtained using the sum of

squares and the corresponding number of degrees of free-

dom associated with the half of the factors with the lowest

mean square. In the present work, nine degrees of freedom

for the error were found.

Once the sum of squares due to the error and the cor-

responding number of degrees of freedom for the error

have been calculated, the error variance, VARerror, and the

variance ratio, F, can be computed as:

VARerror = SSerror/DOFerror ð12Þ

and

F ¼ ðMEANfactorÞ2=VARerror ð13Þ

where MEANfactor is a mean value of the deviations of the

objective function for a given factor. The variance ratio, F,

is used to quantify the relative magnitude of the effect of

each factor. A value of F less than one normally implies

that the effect of the corresponding given factor is smaller

than the error associated with the linear superposition

approximation and hence can be ignored. A value of F

above four, on the other hand, generally suggests that the

effect of the factor at hand is significant.

Since the values for all four factors used in the present

work are less than 4, Table 3, it can be concluded that

variations in the material model parameters within one

positive or negative standard deviation do not significantly

affect the results of the computational analysis of the bal-

Table 2 L18 (34) orthogonal matrix used in the statistical sensitivity

analysis

Analysis

number

Levels FSP residual velocity

(m/s)
Factor

A

Factor

B

Factor

C

Factor

D

1 1 1 1 1 127.19

2 2 2 2 2 134.10

3 3 3 3 3 133.96

4 1 1 2 2 130.10

5 2 2 3 3 136.62

6 3 3 1 1 128.66

7 1 2 1 3 136.70

8 2 3 2 1 133.22

9 3 1 3 2 134.66

10 1 3 3 2 138.11

11 2 1 1 3 127.47

12 3 2 2 1 129.41

13 1 2 3 1 131.68

14 2 3 1 2 133.33

15 3 1 2 3 134.29

16 1 3 2 3 136.00

17 2 1 3 1 131.95

18 3 2 1 2 128.84

Overall mean of the FSP residual velocity, (m/s) 132.57

Table 3 Statistical sensitivity analysis of the optimal design of the 2_T hybrid armor

Factor Difference from mean, (m/s) Sum of squares (m/s)2 Percent of sum of squares Number of D.O.F Variance ratio F

Level 1 Level 2 Level 3

A 0.7250 0.2100 –0.9350 1.4439 6.29 2 0.489

B –1.6283 0.3200 1.3083 4.4656 19.49 2 1.511

C –2.2067 0.2817 1.9250 8.6543 37.73 2 2.930

D –2.2200 0.6183 1.6017 7.8761 34.34 2 2.6664

Error N/A 0.4923 2.15 9 N/A

Total 22.932 100.00 N/A N/A
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listic performance of the optimal 2_T hybrid armor. In

other words, the 2_T design remains the optimal one even

after an account is taken for the uncertainty in the values of

the material parameters for the MWCNT-reinforced poly-

vinyl-ester-epoxy matrix mats. In addition, the results

shown in Table 3 indicate that Factor C (the failure initi-

ation stresses) and Factor D (fracture energies) are statis-

tically most significant. This finding is consistent with the

fact that the main projectile defeat mechanism in the

present case is absorption of the projectiles kinetic energy,

which is mainly controlled by the materials failure model.

The effect of the MWCNT-reinforcement aspect ratio

The material model for the MWCNT-reinforced poly-vi-

nyl-ester-epoxy matrix mats developed in our previous

work (M. Grujicic et al. submitted), was based on a com-

bination of the atomic-level calculations of the mechanical

properties of the ‘‘effective reinforcements’’

(MWCNTs + the surrounding polymer matrix with an al-

tered conformation) with a micro-mechanics approach for

the determination of the continuum-type homogenized-

material mechanical properties of the MWCNT-reinforced

polymer matrix composite. During the atomic-level cal-

culations, the MWCNT’s are treated as being infinitely

long due to the use of a unit-cell periodic-boundary ap-

proach. The effect of MWCNT aspect ratio was then added

within the micro-mechanics approach but only for the

calculations of the composite material stiffness properties.

The effect of the MWCNT aspect ratio on the strength and

failure resistance of the material in question was not ac-

counted for. Since, in general, the strength and the failure

properties of the discontinuous-fiber reinforced materials,

as is the present case, can be affected by the reinforcement

aspect ratio, the sensitivity of the model predictions dis-

cussed in Section 3.2 to the MWCNT aspect ratio is pre-

sented in this section.

A review of the literature (e.g. [30]) reveals that the

effect of the reinforcement aspect ratio in short-fiber rein-

forced composites can be generally summarized as follows:

(a) For unidirectionally oriented short-fiber composites,

the composite strength in the fiber direction increases

with an increase in the aspect ratio from its lower-

bound value associated with the spherical reinforce-

ments to a nearly constant high-aspect ratio value;

(b) The short-fiber high aspect ratio strength value is

lower (typically by 15–25%) than the corresponding

continuous fiber strength value at the same rein-

forcement volume fraction;

(c) The critical (minimal) value of the reinforcement

aspect ratio beyond which the composite strength is

essentially independent of the reinforcement aspect

ratio is defined from the condition that the force re-

quired to cause tensile failure of a fiber (pr2rf, r = the

fiber radius and rf = the fiber tensile strength) is

lower than the force required to cause shear failure at

the reinforcement/matrix interface or in the matrix

(pr2Lsm, L = the fiber length and sm = the shear

strength of the matrix or the shear strength of fiber/

matrix interface); and

(d) The critical reinforcement aspect ratio for strength in

short-fiber reinforced composites is typically 5–10

times larger than its counterpart for the Young’s

modulus of the same type of composite material.

The atomic simulation results obtained in our previous

work (M. Grujicic et al. submitted) revealed that the

effective-reinforcement/matrix interfacial failure is con-

trolled by the poly-vinyl-ester-epoxy matrix shear. Based

on this observation and using typical values for the fracture

stress of a MWCNT (900–1200 MPa) and a typical value

for the shear strength of the poly-vinyl-ester-epoxy (20–

30 MPa), the minimal critical strength aspect ratio for the

effective reinforcement 15–30 is obtained. Since this value

is relatively small when compared with the average aspect

ratio (>100) of the MWCNT-reinforcement used in our

ongoing experimental work, it appears that the assumption

made in our previous work (M. Grujicic et al. submitted),

that the strength of the MWCNT-reinforced poly-vinyl-

ester-epoxy in the direction of the reinforcements can be

approximately set to 80% of that for the continuous fiber

reinforced composites, appears justified.

A review of the literature (e.g. [30]) shows that the

reinforcement aspect ratio has only a weak effect on the

toughness of the short-fiber reinforced composites. Based

on the finding it is assumed in the present work that the

reinforcement aspect ratio has no effect on the failure

parameters of the 3WCNT-reinforced poly-vinyl-ester-

epoxy material. This can be justified as follows:

(a) The tensile failure stress, rij*, controlling the initiation

of failure are primarily governed by the strength of the

functionalizing covalent bonds and the extent of

entanglement of the polymer segments (covalently

bonded to the nanotube outer wall) with the polymer

matrix. These two factors are controlled by the extent of

covalent functionalization of the nanotube outer walls

and the length of the covalently attached polymer chain

segments and not by the nanotube length; and

(b) The maximum crack strains are primarily governed

by the extent of the fiber pull-out before either the

functionalizing covalent bonds break or the cova-

lently attached polymer chain segments become dis-

entangled from the polymer matrix. Again, these

phenomena are only weakly affected by the nanotube

length/aspect ratio.
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Summary and conclusions

Based on the results obtained in the present work, the

following summary and main conclusions can be made:

1. The material model for an E-glass reinforced poly-

vinyl-ester-epoxy matrix composite proposed in our

previous work (M. Grujicic et al. submitted) realisti-

cally accounts for the behavior of this material when

subjected to high deformation rates and high defor-

mations during a projectile impact.

2. Both the location and the thickness of MWCNT-rein-

forced poly-vinyl-ester-epoxy matrix composite mats

within a hybrid armor based on E-glass reinforced

poly-vinyl-ester-epoxy composite laminas affect the

ballistic performance of the armor.

3. The optimal hybrid armor design is associated with

thicker (100 lm thick) MWCNT-reinforced poly-vi-

nyl-ester-epoxy matrix composite mats placed near the

front face of the armor.

4. The use of the statistical sensitivity analysis (ANOVA)

revealed that the computational results, which were

used to identify the optimal armor design are not very

sensitive to the identified uncertainty in the material

model parameters.
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